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ABSTRACT We explore the effect of different mechanisms of natural selection on the evolution of
populations for one- and two-locus systems. We compare the effect of viability and fecundity selection in
the context of the Wright-Fisher model with selection under the assumption of multiplicative ﬁtness. We
show that these two modes of natural selection correspond to different orderings of the processes of
population regulation and natural selection in the Wright-Fisher model. We ﬁnd that under the Wright-
Fisher model these two different orderings can affect the distribution of trajectories of haplotype
frequencies evolving with genetic recombination. However, the difference in the distribution of trajectories
is only appreciable when the population is in signiﬁcant linkage disequilibrium. We ﬁnd that as linkage
disequilibrium decays the trajectories for the two different models rapidly become indistinguishable. We
discuss the signiﬁcance of these ﬁndings in terms of biological examples of viability and fecundity selection,
and speculate that the effect may be signiﬁcant when factors such as gene migration maintain a degree of
linkage disequilibrium.
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In population genetics, one studies the genetic composition of biological
populations and the changes in genetic composition that result from the
operation of various factors, including natural selection. Bürger (2000),
Ewens (2004) and Durrett (2008) provided an excellent theoretical in-
troduction to this ﬁeld. The most basic, but alsomost important, model
in population genetics is theWright-Fisher model, developed by Fisher
(1922) and Wright (1931), which forms the basis for most theoreti-
cal and applied research in population genetics to date, including
Kingman’s coalescent (Kingman 1982), Ewens’ sampling formula (Ewens
1972), Kimura’s work on ﬁxation probabilities (Kimura 1955) and
techniques for inferring demographic and genetic properties of biolog-
ical populations [see Tataru et al. (2017), and references therein]. Such
widespread application ismainly due to not only the strong universality
results for theWright-Fishermodel, e.g., Möhle’s work on the Cannings
model (Möhle 2001), but also the fact that the Wright-Fisher model
captures the essence of the biology involved and provides an elegant
mathematical framework for characterizing the dynamics of gene fre-
quencies, even in complex evolutionary scenarios.
The simplest version of the Wright-Fisher model (Fisher 1922;
Wright 1931) is concerned with a ﬁnite random-mating population
of ﬁxed population size evolving in discrete and nonoverlapping gen-
erations at a single biallelic locus, which can be regarded as a simpliﬁed
version of the life cycle where the next generation is randomly sampled
with replacement from an effectively inﬁnite gene pool built from equal
contributions of all individuals in the current generation. The Wright-
Fisher model can be generalized to incorporate other evolutionary
forces such as natural selection (see, for example, Etheridge 2011).
Natural selection is the differential survival and reproduction of
individuals due to differences in phenotype, which has long been a topic
of interest in population genetics. According to Christiansen (1984),
natural selection can be classiﬁed according to the stage of an organ-
ism’s life cycle at which it acts: viability selection (or survival selection),
which acts to improve the rate of zygote survival, and fecundity
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selection (or reproduction selection), which acts to improve the rate of
gamete reproduction, as shown in Figure 1.
Nagylaki (1997) provided different derivations of multinomial-
sampling models for genetic drift at a single multiallelic locus in a
monoecious or dioecious diploid population for different orders of the
evolutionary forces (i.e., mutation, natural selection, and genetic drift) in
the life cycle. Prugnolle et al. (2005) found that genemigration occurring
before or after asexual reproduction in the life cycle of monoecious
trematodes can have different effects on a ﬁnite islandmodel, depending
on values of the other genetic parameters. A natural question that arises
here is whether different stages of an organism’s life cycle at which
natural selection acts can cause different population behaviors under
the Wright-Fisher model. It is an inevitable choice that we have to make
in current statistical inferential frameworks based on the Wright-Fisher
model for inferring demographic and genetic properties of biological
populations, especially for natural selection, which also affects the per-
formance of these statistical inference methods.
In the present work, we are concerned with a ﬁnite random-mating
diploid population of ﬁxed population size N (i.e., a population of 2N
chromosomes), evolving with discrete and nonoverlapping generations
under natural selection within the framework of the Wright-Fisher
model, especially for the evolution of one- and two-locus systems under
natural selection. We carry out diffusion analysis of Wright-Fisher
models with selection, and use extensive Monte Carlo simulation stud-
ies to address the question of whether different types of natural selec-
tion can cause different population behaviors under the Wright-Fisher
model, especially when natural selection takes the form of viability or
fecundity selection. Our main ﬁnding is that the distribution of the
trajectories of haplotype frequencies for two recombining loci depends
on whether viability or fecundity selection is operating. However, this
difference is appreciable only when the haplotype frequencies are in
signiﬁcant linkage disequilibrium, and arises as a consequence of the
interplay between genetic recombination and natural selection. Once
linkage disequilibrium disappears, the distributions of trajectories un-
der the Wright-Fisher model with either viability or fecundity selection
become almost identical fairly quickly.
MATERIALS AND METHODS
In this section, we provide detailed formulations for a ﬁnite random-
matingdiploidpopulationofﬁxedpopulation size evolvingwithdiscrete
and nonoverlapping generations under natural selection (i.e., viability
and fecundity selection, respectively) within the framework of the
Wright-Fisher model and their diffusion approximations. We also in-
troduce theHellinger distance tomeasure the difference in the behavior
of the Wright-Fisher model between viability and fecundity selection.
Wright-Fisher models with selection
Consider a monoecious population of N randomly mating diploid
individuals evolving with discrete and nonoverlapping generations un-
der natural selection. We assume that there are two alleles segregating
at each autosomal locus, and the population sizeN is ﬁxed. Let XðNÞi ðkÞ
be the frequency of haplotype i in N adults of generation k 2 ℕ; and
XðNÞðkÞ denote the vector with frequencies of all possible haplotypes.
We can study the population evolving under natural selection in
terms of the changes in haplotype frequencies from generation to
generation.
To determine the transition of haplotype frequencies from one
generation to the next, we need to investigate how the mechanisms
of evolution (e.g., natural selection) alter the genotype frequencies at
intermediate stages of the life cycle. Let Y ðNÞij ðkÞ be the frequency of the
ordered genotype made up of haplotypes i and j in N adults of gener-
ation k, andY ðNÞðkÞ designate the vectorwith frequencies of all possible
genotypes. Note that genotypes are regarded as ordered here only for
simplicity of notation. Under the assumption of random mating, the
genotype frequency is equal to the product of the corresponding hap-
lotype frequencies (Edwards 2000),
YðNÞij ðkÞ ¼ XðNÞi ðkÞXðNÞj ðkÞ ¼ XðNÞj ðkÞXðNÞi ðkÞ ¼ YðNÞji ðkÞ: (1)
As illustrated in Figure 1, natural selection takes the form of viability
selection and the life cycle moves through a loop of population regu-
lation, meiosis, random mating, viability selection, population regula-
tion, and so forth (see Figure 1A), or natural selection takes the form of
fecundity selection and the life cycle moves through a loop of popula-
tion regulation, fecundity selection, meiosis, random mating, popula-
tion regulation, and so forth (see Figure 1B). The entrance of the life
cycle here is assumed to be with the population reduced to N adults
right after a round of population regulation. In the life cycles shown in
Figure 1 Life cycles of a diploid population incorporated with
different types of natural selection. (A) The life cycle is incorporated
with viability selection. (B) The life cycle is incorporated with fecundity
selection.
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Figure 1, there are four potential mechanisms of evolutionary change:
natural selection, meiosis, random mating, and population regulation.
We assume that natural selection, meiosis, and randommating occur in
an effectively inﬁnite population so can be treated deterministically
(Hamilton 2011). Suppose that population regulation (i.e., genetic drift)
acts in a similar manner to the Wright-Fisher sampling introduced by
Fisher (1922) andWright (1931). In other words, population regulation
corresponds to randomly drawingN zygotes with replacement from an
effectively inﬁnite population to become new adults in the next gener-
ation, consequently completing the life cycle shown in Figure 1. Thus,
given the genotype frequencies Y ðNÞðkÞ ¼ y; the genotype frequencies
in the next generation satisfy
Y ðNÞðkþ 1Þ
Y ðNÞðkÞ ¼ y  1
N
MultinomialðN; qÞ; (2)
where q is a function of the genotype frequencies y, denoting the
vector with frequencies of all possible genotypes of an effectively
inﬁnite population after the possible mechanisms of evolutionary
change (except population regulation) at intermediate stages of the
life cycle, such as natural selection, meiosis, and random mating
within generation k. The explicit expression of the sampling proba-
bilities qwill be given in the following two sections for the evolution of
one- and two-locus systems under natural selection, respectively.
To simplify notation, we introduce a function riuv of three variables
u, v, and i, deﬁned as
riuv ¼
1
2
ðdui þ dviÞ; (3)
where dui and dvi denote the Kronecker delta functions. We can then
express the frequency of haplotype i in terms of the corresponding
genotype frequencies as
XðNÞi ðkÞ ¼
X
u;v
riuvY
ðNÞ
uv ðkÞ; (4)
and the transition probabilities of the haplotype frequencies from one
generation to the next can be easily obtained from Equations (2)–(4).
We refer to the process XðNÞ ¼ fXðNÞðkÞ:k 2 ℕg as theWright-Fisher
model with selection, whose ﬁrst two conditional moments satisfy
Eðk;xÞ

XðNÞi ðkþ 1Þ

¼ pi (5)
Eðk;xÞ

XðNÞi ðkþ 1ÞXðNÞj ðkþ 1Þ

¼
pi

dij2 pj

2N
þ pipj; (6)
where
Eðk;xÞð  Þ ¼ E

 jXðNÞðkÞ ¼ x

is the short-hand notation for the conditional expectation of a random
variable given the population of the haplotype frequencies x in gen-
eration k, and
pi ¼
X
u;v
riuvquv
is the frequency of haplotype i of an effectively inﬁnite population
after the possible mechanisms of evolutionary change (except popu-
lation regulation) at intermediate stages of the life cycle such as nat-
ural selection, meiosis, and random mating within generation k,
which obviously can be expressed in terms of the haplotype frequen-
cies x:
One-locus Wright-Fisher models with selection: Let us consider a
monoecious population of N randomly mating diploid individuals at a
single autosomal locus A; segregating into two alleles, A1 and A2;
evolving under natural selection in discrete and nonoverlapping gen-
erations. We call the two possible haplotypes A1 and A2 haplotypes
1 and 2, respectively. As stated above, we need to formulate the sam-
pling probabilities q for the evolution of one-locus systems under nat-
ural selection, which is the vector of frequencies of all possible
genotypes of an effectively inﬁnite population after a single generation
of natural selection, meiosis (without genetic recombination), and ran-
dom mating due to the absence of genetic recombination at meiosis in
the evolution of one-locus systems.
With a single biallelic locus, there are four possible zygotes (i.e., four
ordered genotypes) that result from the random union of two gametes.
We denote the ﬁtness of the genotype formed by haplotypes i and j by
wij for i; j ¼ 1; 2: In the life cycles illustrated in Figure 1, the number of
adults is regulated to be of size N, and the gene frequencies in the
subsequent generation can be described by multinomial sampling of
the normalized frequencies in an effectively inﬁnite pool of zygotes.
When natural selection takes different forms, genotype frequencies in
the zygotes can be modeled in different ways.
In the case of what can be called “viability selection” shown in Figure
1A, the N adults have an equal chance of forming gametes, which unite
at random to form zygotes. This is followed by viability selection on
genotypes of zygotes, leading to modiﬁed genotype frequencies. The
subsequent genotype frequencies are obtained by multinomial sam-
pling. We can express the frequency of the genotype formed by hap-
lotypes i and j of an effectively inﬁnite population after a single
generation of meiosis, random mating, and viability selection as
qðvÞij ¼  
wij
w
 X2
u;v¼1
riuvyuv
! X2
u;v¼1
r juvyuv
!
; (7)
where
w ¼
X2
i;j¼1
wij
 X2
u;v¼1
riuvyuv
! X2
u;v¼1
r juvyuv
!
: (8)
Alternatively, in what can be termed “fecundity selection” illustrated
in Figure 1B, the N adults have an unequal chance of forming gam-
etes, depending on their genotypes; the gametes unite at random, and
the subsequent genotype frequencies remain unchanged until multi-
nomial sampling. We can express the frequency of the genotype
formed by haplotypes i and j of an effectively inﬁnite population after
a single generation of fecundity selection, meiosis, and random mat-
ing as
qðf Þij ¼
 X2
u;v¼1
riuv
wuv
w
yuv
! X2
u;v¼1
r juv
wuv
w
yuv
!
; (9)
where
w ¼
X2
u;v¼1
wuvyuv: (10)
From Equations (7)–(10), we see that the transition probabilities of
the genotype frequencies from one generation to the next depend only
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on the genotype frequencies in the current generation for both via-
bility and fecundity selection, but take on different forms. Combining
with Equations (2)–(4), we ﬁnd that the process XðNÞ is a time-
homogeneous Markov process with respect to the ﬁltration
FðNÞ ¼ fFðNÞk : k 2 ℕg generated by the process Y ðNÞ evolving in
the state space
VXðNÞ ¼
(
x 2

0;
1
2N
; . . . ; 1
2
:
X2
i¼1
xi ¼ 1
)
;
which we call the one-locus Wright-Fisher model with selection.
Two-locus Wright-Fisher models with selection: Now we turn to the
study of a monoecious population of N randomly mating diploid in-
dividuals at two linked autosomal loci named A and B; each segregat-
ing into two alleles, A1; A2 and B1; B2; evolving under natural
selection with discrete and nonoverlapping generations. We call the
four possible haplotypes A1B1; A1B2; A2B1; and A2B2 haplotypes
1, 2, 3, and 4, respectively. As stated above, we need to formulate the
sampling probabilities q for the evolution of two-locus systems under
natural selection, which is the vector with frequencies of all possible
genotypes of an effectively inﬁnite population after a single generation
of natural selection, meiosis (with genetic recombination), and random
mating due to the presence of genetic recombination at meiosis in the
evolution of two-locus systems.
With two biallelic loci, there are 16 possible zygotes (i.e., 16 ordered
genotypes) that result from the random union of four gametes. We
denote the ﬁtness of the genotype formed by haplotypes i and j by wij
for i; j ¼ 1; 2; 3; 4; and designate the recombination rate between the
two loci by r (i.e., the rate at which a recombinant gamete is produced at
meiosis). To simplify notation, we introduce a vector of auxiliary var-
iables h ¼ ðh1;h2;h3;h4Þ; where h1 ¼ h4 ¼ 2 1 and h2 ¼ h3 ¼ 1:
In the life cycles shown in Figure 1, the number of adults is regulated to
be of sizeN, and the gene frequencies in the subsequent generation can
be described bymultinomial sampling of the normalized frequencies in
an effectively inﬁnite pool of zygotes. When natural selection takes
different forms, genotype frequencies in the zygotes can be modeled
in different ways.
Following similar reasoning as in the one-locus case, we can express
the frequency of the genotype formed by haplotypes i and j of an
effectively inﬁnite population after a single generation of meiosis, ran-
dom mating, and viability selection as
qðvÞij ¼
wij
w
 X4
u;v¼1
riuvyuv þ hirD
! X4
u;v¼1
rjuvyuv þ hjrD
!
; (11)
where
w ¼
X4
i;j¼1
wij
 X4
u;v¼1
riuvyuv þ hirD
! X4
u;v¼1
rjuvyuv þ hjrD
!
(12)
D ¼
 X4
u;v¼1
r1uvyuv
! X4
u;v¼1
r4uvyuv
!
2
 X4
u;v¼1
r2uvyuv
! X4
u;v¼1
r3uvyuv
!
:
(13)
Similarly, the frequency of the genotype formed by haplo-
types i and j of an effectively inﬁnite population after a single
generation of fecundity selection, meiosis, and random
mating is
qðf Þij ¼
 X4
u;v¼1
riuv
wuv
w
yuv þ hirD
! X4
u;v¼1
rjuv
wuv
w
yuv þ hjrD
!
;
(14)
where
w ¼
X4
u;v¼1
wuvyuv (15)
D ¼
 X4
u;v¼1
r1uv
wuv
w
yuv
! X4
u;v¼1
r4uv
wuv
w
yuv
!
2
 X4
u;v¼1
r2uv
wuv
w
yuv
! X4
u;v¼1
r3uv
wuv
w
yuv
!
:
(16)
From Equations (11)–(16), we see that the transition probabilities of
the genotype frequencies from one generation to the next depend only
on the genotype frequencies in the current generation for both via-
bility and fecundity selection, but take on different forms. Com-
bining with Equations (2)–(4), we show that the process XðNÞ is a
time-homogeneous Markov process with respect to the ﬁltration
FðNÞ ¼ fFðNÞk : k 2 ℕg generated by the process Y ðNÞ evolving in
the state space
VXðNÞ ¼
(
x 2

0;
1
2N
; . . . ; 1
4
:
X4
i¼1
xi ¼ 1
)
;
which we call the two-locus Wright-Fisher model with selection.
Diffusion approximations
Due to the interplay of stochastic and deterministic forces, the Wright-
Fisher model with selection presents analytical challenges beyond the
standard Wright-Fisher model for neutral populations. The analysis of
theWright-Fisher model with selection today is greatly facilitated by its
diffusion approximation, commonly known as the Wright-Fisher dif-
fusion with selection, which can be traced back to Kimura (1964), and
has already been successfully applied in the statistical inference of
natural selection [see Malaspinas (2016), and references therein]. Here,
we present only the formulation of the Wright-Fisher diffusion with
selection, and refer to Durrett (2008) for a rigorous proof, especially for
one- and two-locus systems.
TheWright-Fisherdiffusionwith selection is a limitingprocessof the
Wright-Fisher model with selection characterizing the changes in
haplotype frequencies over time in an extremely large population
evolving under extremely weak natural selection. More speciﬁcally,
the selection coefﬁcients (and the recombination rate if there is .1
locus) are assumed to be of order 1=ð2NÞ; and the process runs time at
rate 2N; i.e., t ¼ k=ð2NÞ: The selection coefﬁcient mentioned here
represents the difference in ﬁtness between a given genotype and the
genotype with the highest ﬁtness. For example, a common category of
ﬁtness values for a diploid population at a single locus can be presented
as follows: genotypesA1A1; A1A2; andA2A2 at a given locusA have
ﬁtness values 1, 12 hAsA; and 12 sA; respectively, where sA is the
selection coefﬁcient, and hA is the dominance parameter [seeHamilton
(2011), for other categories of ﬁtness values presented in terms of
selection coefﬁcients].
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Let DXðNÞi ðkÞ denote the change in the frequency of haplotype i
from generation k to the next. Using Equations (5) and (6), we can
obtain its ﬁrst two conditional moments
Eðk;xÞ

DXðNÞi ðkÞ

¼ pi2 xi
Eðk;xÞ

DXðNÞi ðkÞDXðNÞj ðkÞ

¼
pi

dij2 pj

2N
þ pi2 xipj2 xj:
Considering the limits as the population sizeN goes to inﬁnity, we can
formulate the inﬁnitesimal mean vector mðt; xÞ as
miðt; xÞ ¼ limN/N 2NE
ð½2Nt;xÞ

DXðNÞi ð½2NtÞ

¼ lim
N/N
2N

pi2 xi

(17)
and the inﬁnitesimal covariance matrix Σðt; xÞ as
Σijðt; xÞ ¼ lim
N/N
2NEð½2Nt;xÞ

DXðNÞi ð½2NtÞDXðNÞj ð½2NtÞ

¼ lim
N/N
pi

dij2 pj

þ 2Npi2 xipj2 xj; (18)
where ½ is used to denote the integer part of the value in the brackets,
according to standard techniques of diffusion theory [see, for exam-
ple, Karlin and Taylor (1981)].
The process XðNÞ thereby converges to a diffusion process, denoted
by X ¼ fXðtÞ; t$ 0g; satisfying the stochastic differential equation of
the form
dXðtÞ ¼ mðt;XðtÞÞdt þ sðt;XðtÞÞdWðtÞ;
where the diffusion coefﬁcient matrix sðxÞ satisﬁes the relation that
sðt; xÞsTðt; xÞ ¼ Σðt; xÞ
and WðtÞ is a multi-dimensional standard Brownian motion. We
refer to the process X as the Wright-Fisher diffusion with selection,
which we will use to investigate the difference in the behavior of the
Wright-Fisher model between viability and fecundity selection in the
section Diffusion analysis of the Wright-Fisher model.
Statistical distances
Given that theWright-Fishermodel with selection is aMarkov process,
theevolution iscompletelydeterminedby its transitionprobabilities.We
can, therefore, study the difference in the behavior of theWright-Fisher
model between viability and fecundity selection in terms of their
transition probabilities.
We deﬁne the conditional probability distribution function of the
Wright-Fisher model with selection XðNÞ evolving from the population
of the initial haplotype frequencies x0 over k generations (i.e., k-step
transition probabilities) as
pðx0; xkÞ ¼ P

XðNÞðkÞ ¼ xkjXðNÞð0Þ ¼ x0

: (19)
We use a statistical distance to quantify the difference between two
probability distributions for the Wright-Fisher model with viability
and fecundity selection (i.e., the difference in the behavior of the
Wright-Fisher model between viability and fecundity selection).
Rachev et al. (2013) provided an excellent introduction of statistical
distances, and here we employ the Hellinger distance, introduced by
Hellinger (1909), to quantify the difference in the behavior of the
Wright-Fisher model between viability and fecundity selection, de-
ﬁned as
H

pðvÞ;pðf Þ

ðx0; kÞ ¼ 1ﬃﬃ
2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃX
xk

pðvÞðx0; xkÞ2pðf Þðx0; xkÞ
2s
;
(20)
where pðvÞ is the probability distribution for theWright-Fisher model
with viability selection, and pðf Þ is the probability distribution for the
Wright-Fisher model with fecundity selection, both of which are
given by Equation (19) combined with the Wright-Fisher model with
the corresponding type of natural selection.
Given the difﬁculties in analytically formulating the probability
distribution p, especially for the population evolving over a long-time
period, we resort to Monte Carlo simulation here, which enables us to
get an empirical probability distribution function associated to the
probability distribution p, deﬁned as
p^ðx0; xkÞ ¼
1
M
XM
m¼1
I

j
ðmÞ
k ¼xk
; (21)
where I is the indicator function, namely Ifjk¼xkg is one if jk ¼ xk is
true and zero otherwise, jðmÞk is the m-th realization of the haplotype
frequencies simulated under the Wright-Fisher model with selection
from the population of the initial haplotype frequencies x0 over k
generations, and M is the total number of independent realizations
in Monte Carlo simulation. Combining Equations (20) and (21), we
can formulate the Monte Carlo approximation for the Hellinger dis-
tance HðpðvÞ;pðf ÞÞ as
H^

pðvÞ;pðf Þ

ðx0; kÞ ¼ Hðp^ðvÞ; p^ðf ÞÞðx0; kÞ:
According to Van der Vaart (2000), the rate of the convergence for
the empirical probability distribution p^ to the probability distri-
bution p with respect to the Hellinger distance is of the order
C1ðjVX j21Þ1=2=M1=2; where C1 is a constant, and jVX j is total num-
ber of possible states in the state space VX : Combining with Le Cam
and Yang (2000), we ﬁnd that the rate of the convergence for the
Hellinger distance approximated by Monte Carlo simulation,
H^ðpðvÞ;pðf ÞÞ; to the Hellinger distance HðpðvÞ;pðf ÞÞ is of order
C2ðjVX j21Þ1=2=M1=2; where C2 is a constant. Therefore, in theory,
the Monte Carlo approximation for the Hellinger distance
H^ðpðvÞ;pðf ÞÞ can be used instead of the Hellinger distance
HðpðvÞ;pðf ÞÞ as long as we increase the total number of independent
realizations M, which we will apply to measure the difference in the
behavior of the Wright-Fisher model between viability and fecundity
selection in the section Simulation analysis of the Wright-Fisher
model.
Data availability
The authors state that all data necessary for conﬁrming the conclusions
presented in the article are represented fullywithin the article.Codeused
to simulate the Wright-Fisher model with selection, including both
viability and fecundity selection, and compute the results is provided in
Supplemental Material, File S1.
RESULTS
In this section, we use diffusion analysis of Wright-Fisher models with
selection and extensive Monte Carlo simulation studies to investi-
gate whether different types of natural selection can cause different
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population behaviors under the Wright-Fisher model, especially when
natural selection takes the form of viability or fecundity selection.
We employ the category of ﬁtness values presented in terms of
selection coefﬁcients given in the sectionDiffusion approximations, and
consider the simple case of directional selection with 0# sA# 1;which
implies that the A1 allele is the type favored by natural selection. The
dominance parameter is assumed to be in the range 0# hA# 1; i.e.,
general dominance. Suppose that ﬁtness values of two-locus geno-
types are determined multiplicatively from ﬁtness values at in-
dividual loci, e.g., the ﬁtness value of genotype A1B2=A2B2 is
ð12 hAsAÞð12 sBÞ; which means that there is no position effect, i.e.,
coupling and repulsion double heterozygotes have the same ﬁtness,
w14 ¼ w23 ¼ ð12 hAsAÞð12 hBsBÞ: Moreover, the recombination
rate deﬁned in the section Two-locus Wright-Fisher models with se-
lection is in the range 0# r# 0:5:
Diffusion analysis of the Wright-Fisher model
Nowweuse diffusion analysis ofWright-Fishermodelswith selection to
address the question of whether viability and fecundity selection can
cause different population behavior under the Wright-Fisher model,
especially for the evolution of one- and two-locus systems under natural
selection. From the section Diffusion approximations, we see that the
diffusion approximation for the Wright-Fisher model with selection is
fully determined from its inﬁnitesimal mean vectormðt; xÞ in Equation
(17) and its inﬁnitesimal covariance matrix Σðt; xÞ in Equation (18),
which implies that we can carry out diffusion analysis ofWright-Fisher
models with selection to investigate the difference in the behavior of the
Wright-Fishermodel between viability and fecundity selection by com-
paring the difference in the haplotype frequencies of an effectively
inﬁnite population after a single generation of natural selection, meio-
sis, and randommatingmentioned in Equations (17) and (18) between
viability and fecundity selection.
Under the set of assumptionsonﬁtness valuesgivenabove, andusing
Taylor expansions with respect to the selection coefﬁcient sA; we ﬁnd
that for one-locus systems there is no difference in the haplotype fre-
quencies of an effectively inﬁnite population after a single generation of
natural selection, meiosis, and random mating between viability and
fecundity selection, i.e., pðvÞi 2 pðf Þi  ¼ 0;
for i ¼ 1; 2: For two-locus systems with the selection coefﬁcients sA
and sB and the recombination rate r, File S2 shows that
pðvÞi 2 pðf Þi  ¼ O

1
N2

;
for i ¼ 1; 2; 3; 4: Combining with Equations (17) and (18), we have
mðvÞðt; xÞ ¼ mðf Þðt; xÞ
ΣðvÞðt; xÞ ¼ Σðf Þðt; xÞ;
which leads to the same stochastic differential equation representation
of theWright-Fisherdiffusionwithviability and fecundity selection for
the evolution of one- and two-locus systems under natural selection,
respectively (see File S2 for detailed calculations).
Therefore, we can conclude that viability and fecundity selection
bring about the same population behavior under the Wright-Fisher
diffusion for the evolution of one- and two-locus systems under natural
selection, which implies that there is almost no difference in population
behaviors under the Wright-Fisher model between viability and fecun-
dity selection for the evolutionary scenario of an extremely large
populationevolvingunderextremelyweaknatural selection (andgenetic
recombination if there is .1 locus).
Simulation analysis of the Wright-Fisher model
Diffusion analysis of Wright-Fisher models with selection require
assumptions on genetic parameters for tractability, i.e., it is only guar-
anteed to be a good approximation of the underlying Wright-Fisher
model in the case of an extremely large population evolving under
extremely weak natural selection (and genetic recombination if there
is .1 locus). In this section, we use extensive Monte Carlo simulation
studies to investigate the difference in the behavior of theWright-Fisher
model between viability and fecundity selection for other evolutionary
scenarios such as a small population evolving under strong natural
selection. We illustrate how different types of natural selection affect
the behavior of the Wright-Fisher model with haplotype 1 in detail in
the following, and expect other haplotypes to behave in a similar
manner.
Let us designate the marginal probability distribution of the fre-
quency of haplotype 1 by p1; and simulate the dynamics of the
Hellinger distance HðpðvÞ1 ;pðf Þ1 Þ over time for different evolutionary
scenarios to investigate whether viability and fecundity selection can
cause different population behaviors under the Wright-Fisher model
using Equations (20) and (21) in Equation (19).
In Figure 2, we show the dynamics of the Hellinger distance
HðpðvÞ1 ;pðf Þ1 Þ with the varying selection coefﬁcient sA over 500 gener-
ations under the one- and two-locus Wright-Fisher models with selec-
tion, respectively, in which the Hellinger distance HðpðvÞ1 ;pðf Þ1 Þ is
clearly not always close to zero. This may result from the different
forms natural selection takes or the statistical noise produced in Monte
Carlo simulation. Comparing the left columns of Figure 2, A and
B, with their right columns, we ﬁnd that the Hellinger distance
HðpðvÞ1 ;pðf Þ1 Þ decreases as the total number of independent realizations
M in Monte Carlo simulation increases, especially when the selection
coefﬁcient sA is close to zero.We believe, therefore, that the discrepancy
should be caused mainly by the statistical noise produced in Monte
Carlo simulation, rather than the different forms natural selection takes
when the selection coefﬁcient is close to zero, which otherwise leads to a
contradiction to what we have already achieved in the sectionDiffusion
analysis of the Wright-Fisher model. On the contrary, when the selec-
tion coefﬁcient is not close to zero, the discrepancy should indeed be
caused by the different forms natural selection takes, rather than the
statistical noise inMonte Carlo simulation.Wewill conﬁrm and discuss
this point in more detail in the section Robustness of Monte Carlo
simulation studies.
Figure 2 shows that the difference in the behavior of the Wright-
Fisher model between viability and fecundity selection does exist, and
becomes more signiﬁcant when the effect of natural selection on the
population evolving over time increases. For the population evolving
under natural selection at a single locus, the difference in the behavior
of the Wright-Fisher model between viability and fecundity selection is
almost negligible. However, for the population evolving under natural
selection at two linked loci, the difference in the behavior of theWright-
Fisher model between viability and fecundity selection is no longer
negligible, especially when natural selection is not extremely weak.
Therefore, we assert that viability and fecundity selection can cause
different population behaviors under the Wright-Fisher model, espe-
cially for the population evolving under natural selection at two linked
loci.
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For further investigation into the difference in the population
evolving over time at two linked loci under the Wright-Fisher model
between viability and fecundity selection, we introduce the coefﬁcient of
linkage disequilibrium, proposed by Lewontin and Kojima (1960), to
quantify the level of linkage disequilibrium between the two loci, which
is deﬁned as
DðNÞðkÞ ¼ XðNÞ1 ðkÞXðNÞ4 ðkÞ2XðNÞ2 ðkÞXðNÞ3 ðkÞ:
We simulate the dynamics of theHellinger distanceHðpðvÞ1 ;pðf Þ1 Þwith
the varying selection coefﬁcient sA and recombination rate r over
500 generations under the two-locus Wright-Fisher model with se-
lection for the population initially at different levels of linkage dis-
equilibrium, in Figure 3.
Comparing the middle column of Figure 3 with its left and right
columns, we ﬁnd that the difference in the behavior of the two-locus
Wright-Fisher model between viability and fecundity selection
becomes negligible when the population is initially in linkage equilib-
rium (see the middle column of Figure 3), which implies that, whether
different types of natural selection can cause different population be-
haviors under the Wright-Fisher model at two linked loci depends
signiﬁcantly on the level of linkage disequilibrium.We thereby consider
the dynamics of linkage disequilibrium over time under the two-locus
Wright-Fisher model with viability and fecundity selection, respec-
tively, for the population initially at different levels of linkage
disequilibrium.
We deﬁne the conditional probability distribution function of
linkage disequilibrium DðNÞ evolving under the Wright-Fisher model
from the population of the initial haplotype frequencies x0 over k
generations as
pDðD0;DkÞ ¼ P

DðNÞðkÞ ¼ DkjDðNÞð0Þ ¼ D0

;
where
D0 ¼ x0;1x0;42 x0;2x0;3:
We simulate the dynamics of the probability distributionpD over time
for the population initially at different levels of linkage disequilibrium
in Figure 4. We observe that the probability distribution pD becomes
concentrated on a narrower and narrower range of possible values
centered 0 from generation to generation until ﬁxing at 0. The
dynamics of the probability distribution pD over time seems not
to be associated with whether viability or fecundity selection is
occurring.
From Ridley (2004), there are three potential mechanisms of
evolutionary change, genetic recombination, natural selection,
and population regulation (genetic drift), in the life cycle, which
may affect the dynamics of linkage disequilibrium over time. Ge-
netic recombination always works toward linkage equilibrium due
to genetic recombination generating new gamete types to break
down nonrandom genetic associations (Ridley 2004). Natural se-
lection alone cannot move the population far away from linkage
equilibrium under the assumption that ﬁtness values of two-locus
genotypes are multiplicative (Slatkin 2008). Genetic drift can de-
stroy linkage equilibrium and create many genetic associations
Figure 2 Dynamics of the Hellinger distance HðpðvÞ1 ;pðf Þ1 Þ
simulated with the varying selection coefﬁcient sA over
500 generations under the one- and two-locus Wright-
Fisher models with selection. (A) We generate M inde-
pendent realizations from simulating the one-locus
Wright-Fisher model with selection, where we adopt
N ¼ 500; hA ¼ 0:5; and x0 ¼ ð0:3;0:7Þ: (B) We generate
M independent realizations from simulating the two-locus
Wright-Fisher model with selection, where we adopt
N ¼ 500; sB ¼ 0:05; hA ¼ 0:5; hB ¼ 0:5; r ¼ 0:45; and
x0 ¼ ð0:3; 0:4; 0:2;0:1Þ:
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since genetic drift leads to the random change in haplotype fre-
quencies, which, however, can cause persistent linkage disequilib-
rium only in small enough populations (Ridley 2004). So once
linkage equilibrium has been reached, populations usually will
not move far away from linkage equilibrium.
From Equations (11)–(16), provided that the population evolv-
ing over time is always close to linkage equilibrium, the amount of
the change in haplotype frequencies caused by genetic recombi-
nation is negligible. The two-locus Wright-Fisher model where
each locus segregates into two alleles thereby becomes similar to
the one-locus Wright-Fisher model for a single locus segregating
four alleles, where each gamete is analogous to a single allele.
Therefore, once linkage equilibrium has been reached, popula-
tions evolving under natural selection at two linked loci within
the framework of the Wright-Fisher model would no longer de-
pend on whether viability or fecundity selection is occurring. That
is, viability and fecundity selection can cause different population
behaviors under the Wright-Fisher model only when the popula-
tion is far away from linkage equilibrium, which is conﬁrmed by
Figure 3.
Nowwediscusswhyviability and fecundity selection lead todifferent
population behaviors under the two-locus Wright-Fisher model with
selection.We simulate the dynamics of the probability distributionspðvÞ1
and pðf Þ1 over time for the population initially at different levels of
linkage disequilibrium in Figure 5, from which it is clear that the
Wright-Fisher models with different types of natural selection have
different rates of change in the frequency of haplotype 1 approaching
ﬁxation when the population is initially far away from linkage equilib-
rium, which leads to the difference in the behavior of theWright-Fisher
model between viability and fecundity selection, as illustrated in the left
and right columns of Figure 3.
More speciﬁcally, as shown in Figure 5A, when the population is in
negative linkage disequilibrium, the Wright-Fisher model with selec-
tion of two linked loci drives haplotype 1 more rapidly toward ﬁxation
than the Wright-Fisher model with selection of two completely linked
loci (i.e., r ¼ 0). This is due to the fact that genetic recombination
Figure 3 Dynamics of the Hellinger distance HðpðvÞ1 ;pðf Þ1 Þ simulated with the varying selection coefﬁcient sA and recombination rate r over
500 generations under the two-locus Wright-Fisher model with selection for the population initially at different levels of linkage disequilibrium.
We generate M ¼ 105 independent realizations in Monte Carlo simulation, and adopt N ¼ 500; sB ¼ 0:05; hA ¼ 0:5; and hB ¼ 0:5:
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reinforces the change in haplotype frequencies caused by natural selec-
tion for negative linkage disequilibrium (see Hamilton 2011). The mid-
dle row of Figure 5A shows that theWright-Fisher model with viability
selection drives haplotype 1 more rapidly toward ﬁxation than the
Wright-Fisher model with fecundity selection when the population is
in negative linkage disequilibrium, which implies that genetic recom-
bination affecting natural selection at two linked loci is more signiﬁcant
in the Wright-Fisher model with viability selection than that in the
Wright-Fisher model with fecundity selection for negative linkage dis-
equilibrium. These results are also conﬁrmed with Figure 5B for the
population in positive linkage disequilibrium. Therefore, the difference
in the behavior of the two-locusWright-Fisher model between viability
and fecundity selection results from the different effect of genetic re-
combination on different types of natural selectionwithin the framework
of the Wright-Fisher model, i.e., genetic recombination has a more
signiﬁcant effect on natural selection at two linked loci when natural
selection takes the form of viability selection than fecundity selection.
Notice that here we employ the Hellinger distance to measure the
difference in the behavior of theWright-Fisher model between viability
and fecundity selection, and only simulate the Hellinger distance be-
tween two probability distributions for the Wright-Fisher model with
viability and fecundity selection in limitedevolutionary scenarios suchas
completely additive gene action (h ¼ 0:5). In the Supplemental Mate-
rial, we simulate the Hellinger distance between two probability distri-
butions for the Wright-Fisher model with viability and fecundity
selection for completely dominant gene action (h ¼ 0) and completely
recessive gene action (h ¼ 1), respectively (see File S3).We also provide
the dynamics of the difference in the behavior of the Wright-Fisher
model between viability and fecundity selection for different population
sizes (see File S4). Moreover, we simulate the total variation distance be-
tween two probability distributions for the Wright-Fisher model with
viability and fecundity selection for different evolutionary scenarios (see
File S5). All these simulated results conﬁrm what we have achieved above.
DISCUSSION
In this section, we discuss the robustness of Monte Carlo simulation
studies carried out in this study. Moreover, we summarize our main
results anddiscuss the signiﬁcanceof theseﬁndings in termsofbiological
examples of fecundity and viability selection.
Robustness of Monte Carlo simulation studies
We performed a robustness analysis of Monte Carlo simulation studies
as described in Results. This was designed mainly to demonstrate that
the discrepancy in Monte Carlo simulation studies results from
whether viability selection or fecundity selection is occurring is not
due to the statistical noise produced in Monte Carlo simulation, and
is indeed caused by the different forms natural selection takes.
We simulated the dynamics of the Hellinger distance of the two
empirical probability distributions for the two runs of the two-locus
Wright-Fisher model with the same type of natural selection here as an
illustration, the two-locus Wright-Fisher model with viability selection
in Figure 6A and the two-locus Wright-Fisher model with fecundity
selection in Figure 6B, respectively. Figure 6 shows that the statistical
noise in Monte Carlo simulation is increasing in the population size N,
but is deceasing in the total number of independent realizationsM. This
is conﬁrmed by the rate of convergence for the Hellinger distance
approximated by Monte Carlo simulation, as stated in Statistical dis-
tances. For the population of N ¼ 500 individuals in Monte Carlo
simulation studies, generating M ¼ 105 independent realizations in
Monte Carlo simulation is large enough to remove most of the statis-
tical noise. In comparison with Figure 6, A and B, the discrepancy in
Figure 2B shares the same pattern, except for large selection coefﬁcients,
which implies that the difference in the behavior of the Wright-Fisher
model between viability and fecundity selection indeed results from the
different forms natural selection rather than the statistical noise pro-
duced in Monte Carlo simulation when natural selection is not ex-
tremely weak.
Figure 4 Dynamics of the probability distributions pðvÞD and p
ðf Þ
D simulated over 15 generations under the two-locus Wright-Fisher model with
selection for the population initially at different levels of linkage disequilibrium. We generate M ¼ 105 independent realizations in Monte Carlo
simulation, and adopt N ¼ 500; sA ¼ 0:95; sB ¼ 0:05; hA ¼ 0:5; hB ¼ 0:5; and r ¼ 0:45:
Volume 7 July 2017 | Wright-Fisher Models with Selection | 2103
Summary and further perspectives
Our diffusion analysis of Wright-Fisher models with selection and
extensive Monte Carlo simulation studies show that, with genetic re-
combination, the population evolving under natural selection within
the framework of the Wright-Fisher model depends signiﬁcantly on
whetherviability or fecundity selection isoccurringwhen thepopulation
is far away from linkage equilibrium. This is caused mainly by different
effects of genetic recombination on different types of natural selection,
i.e., genetic recombination has a more signiﬁcant effect on natural
selection at linked loci when natural selection takes the form of viability
selection than fecundity selection. The difference in the behavior of the
Wright-Fisher model becomes more signiﬁcant as the effect of natural
selection and genetic recombination increases. However, after the pop-
ulation reaches linkage equilibrium, population behaviors under the
Wright-Fisher model with viability and fecundity selection become
almost identical fairly quickly.
Figure 5 Dynamics of the probability distributions pðvÞ1 and p
ðf Þ
1 simulated over 15 generations under the two-locus Wright-Fisher model with
selection for the population initially at different levels of linkage disequilibrium. We generate M ¼ 105 independent realizations in Monte Carlo
simulation, and adopt N ¼ 500; sA ¼ 0:95; sB ¼ 0:05; hA ¼ 0:5; hB ¼ 0:5; and r ¼ 0:45: (A) The population is initially in negative linkage
disequilibrium (D0 ¼ 20:05). (B) The population is initially in positive linkage disequilibrium (D0 ¼ 0:05).
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We have shown that, with genetic recombination, the population
evolving under natural selection within the framework of the Wright-
Fisher model depends signiﬁcantly on whether viability or fecundity
selection is occurring when the population is far away from linkage
equilibrium. According to Ridley (2004), most natural populations are
probably near linkage equilibrium, which implies that the different
behavior of the Wright-Fisher model caused by viability or fecundity
selection may not be signiﬁcant. However, one evolutionary scenario
in which it may have signiﬁcant consequences is that of admixture
between two populations. In this case, there is likely to be signiﬁcant
linkage disequilibrium due to the allele frequency differences between
populations (Pritchard and Rosenberg 1999), and, also, there is likely to
be local natural selection in which alleles that are favored in one pop-
ulation are selected against in the other (Charlesworth et al. 1997), and
vice-versa. Therefore, the results presented here may lead to testable
predictions about the role of life-history on the natural selection dy-
namics in populations. For example, we predict that genetic recombi-
nation will have a less signiﬁcant effect on the natural selection dynamics
when natural selection acts through fecundity difference between geno-
types. It should be noted that, in our formulation, the fecundity selection
is associated with a difference among monoecious diploid geno-
types in their overall gamete production, and should not be con-
fused with gametic selection, for example, natural selection on
sperm binding alleles (Palumbi 1999). Moreover, we do not dis-
tinguish between sperm and egg production [i.e., the two haplo-
type frequencies Xi and Xj in Equation (1) are exchangeable]. The
most relevant organisms that may be expected to conform to this
assumption may be monoecious plant species, where correlations
between pollen and seed production may be induced through
genetic variation in ﬂower size (e.g., Galen 2000).
Given that we have developed a Monte Carlo framework for
simulating theWright-Fishermodel under either scenario (i.e., viability
or fecundity selection), future developments could include the addition
of population structure, and it should then be straightforward to de-
velop a statistical inferential framework to allow us to distinguish be-
tween viability selection or fecundity selection at candidate loci such as
the approximate Bayesian computation (ABC) framework (Liepe et al.
2014), which enables us to compute the posterior probabilities of the
Wright-Fisher models with viability and fecundity selection. Once
the posterior probabilities of candidate models have been estimated,
we can make full use of the techniques of Bayesian model compar-
ison. Furthermore, in the present work, we investigate how different
types of natural selection affect the population evolving under the
Wright-Fisher model mainly through Monte Carlo simulation stud-
ies, which can only demonstrate the qualitative difference in the
behavior of the Wright-Fisher model. It would be far more chal-
lenging to carry out the analysis of the effect of different types of
natural selection on the Wright-Fisher model that can lead to more
quantitative comparisons.
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